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§0. Foreword . 

Let is given a difference equation 

(1) — hijj^iXy — (ii,-\-iXi,-i = 0, 
with G Nq. We denote by 

{P^(6o, ai, 6i, Oj,, 

and 

{Qu{hQ, ai, hi, ay, hy)}^^_^ 
the solutions of this equation with initial values 

(2) P_i = 1, Q-i = 0, Po(&o) = &o, QM = 1. 
Then 

Puiho, ai, 6i, ay, by) 



Qy{bo, ai, hi, ay, by) 



u=0 



1 
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is sequence of convergents of continuous fraction 

&o + rr + - + ir + - ■ 

\0l \0u 

Accoding to the famous result of R. Apery [1], 

(3) C(3) = lim ^, 

where {u^,}^^^ and {vi,}^^^ are solutions of difference equation 

(4) (i/ + lfx,+i - (34t/3 + 51i/2 + 27v + b)x, + i/^x^.i = 0, 

with initial values Uq = 1, Ui — 5, Vi — 0, Vi — 6. The equality (3) is 
equivalent to the equality 

(5) C(3) = « + f + + + + 
, with 

(6) = 0, 6r = 5, = 6, 6^+1 = 

34i/^ + 51i/^ + 27i/ + 5, a^+i = 

where e N. Yu.V. Nsterenko in [3] has offered the following expansion the 
number 2^(3) in continuous fraction: 

(7) 2C(3) = 2+H + ^ + y + i..., 

with 

(8) bo^bi^a2^ 2, oi = 1, 62 = 4, 

(9) b4k+i = 2k + 2, a^k+i = k{k + 1), 64^+2 = 

2k + 4, a4fe+2 = {k + l){k + 2) 

for k eN, 

(10) 64^+3 = 2k + 3, a4fe+3 = (/c + 1)^, 64^+4 = 

2A; + 2, a4jfc+4 = (A; + 2)^ 

for k E No. The halfs of convergents of continuous fraction (7) compose a 
sequence containig convergents of continuous fraction (5). 

Making use of the method developed in our papers [7] - [17], we have 
found the foUowng expansions of the Number ^(3) in contiuous fractions : 

Teorem A. The followng equalities hold 
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(*i)l (*i)| 

(") 2C(3)=r+|J+...+^+.... 



(*2) I (*2) 



(12) 2C(3) = 6r + ^^W + - + ^ + 

with 

aH) = 1)3^.3(4^2 _ 4^ _ 3)3 



= 3, aS*') = -81, 



/or i/ e [2, +oo) n N, 

6H) = 4(68z/^ - 45z/^ + Uu^ - 1) 

/or i/ e N, 

6^*^^ = 2, aS*^^ = 42, 

a(,*2) ^ _ 1)3^,3(4^2 _ 4^ _ 3)^^ ^ ;^)3 _ ^3)^^ _ -^^3 _ (^ _ 3)8) 

/or i/ e [2, +00) n N, 

= 2(102^/6 - 68z/^ + 21^/2 - 3), 

/or z/ G N. I give short proof of Yu.V. Nesterenko expansion in section 1. I 
prove Theorem A in sections 2-7. 

§1. Short proof of Yu.V. Nesterenko expansion. 

Instead of expansion (7) with (8), it is more convenient for us to prove 
the equivalent expansion 



. . . , 



with 

(14) bo = 1, ai = 1, bi = a2 = b2 = 4. 

Furthermore, to avoid of mishmash in notations, we denote below Ui,, b^ for 
the fraction (13) by a;), 6;). Let P^i = 1, Q^i = 0, 

P: = P.iK, bX, at, bl), Ql = Q^{bl a\, b\, a^, b^ 

where values a^, b^ are spcified in (6), and u e Nq. Then 

(15) Qi = 1, = b^o = 0, = &r = 5, = 

ai = &, bl = in, a^^=-l,P^ = 
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6^Pi^ + aXP^ = 702, Ql = 
hlQX + alQl = 584. 

Let P^i = 1, Q\ = 0, 

p,^ = PM, ^1, «^ K), Qu = ^3.(^0, ^1, «^ ^;:), 

where u e No, := Ui,, :— h^, and values a,/, are spcified in (14), (9), 
and (10). Then, since P^^ = 1, Q\ = 0, it follows from (14) that 

P^ = 6o = 1, Q^o = h i^i^ = KPo"^ + = 5, = ft^Qo^ + a^g^ = 4, 



(16) P,^ = h^^P^ + a^^Po^ = 24 = 4P^ = fe^^Qi + 

a^Q, = 20 = 4g^, P3^ = 6^P2^ + a^Pi^ = 77, = 6^Q^+ 
a^g^ = 64, Pi^ = fc^Pg^ + a^P^ = 250, = 6^Q^ + a^Q^ = 208, 

P^ = b^P,^ + a^^Ps^ = 1154, = b^Q^, + a^^Qg^ = 960, 



(17) 



pA 



pA 



+ 



12 X 702 



12P2\ 



+ 



Let 

(18) 



a^Q2 = 12 X 584 = 12g: 



pA 



V 
2 • 



(19) ^: = f^^v^ %^V^r-^ ° ^ 



pv r)v ) ' - \ V uv 



where e Nq. Then 

(20) u:: = At,u^_„ u:^ = a:_,u:^_. 



for 1/ e N, 



(21) ^oHJ 5)'^^^- (702 584/' 



(22) ^o^=(; 4)'^^^- (24 2'o)'^3- 

/24 20\ ^.^( 77 64\ 
V77 64^/ ' 4 \^250 208 J ' ^ 

/ 250 208\ ^ _ /1154 960 \ 
1^1154 960 J ' ^ ~ \8424 7008 J ' 
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(23) iU-){U-)-' = i ( 0^ ly ' 



(24) s) 
Let 



A2(/. + 2)(A; + l)c(/. + l) -5(A: + 2)c(A: + l) 

^^^^ ^'-[ _(;t_l)3c(;t) 

where A; e [2, +oo) n Z and c{k) = (-2(A; - 1)=^(A; + 1)!)-^ Let A; e N, A; > 2. 
Then, in view of (18), 



A 



1 \ f 1 

''4(fc-2)+3 ^4(fc-2)+3/ 



^ ^ '^4(fc-2)+3 K(k-2)+3j V(^ ~ -'-)^ 2/c — 1 / ' 



"4(fc-2)+4 "4(fc-2)+4/ ^. 

^'^-^ " U^D+i ^4VihJ"V^'-^ 2A: 



A 



1 \ / 1 

''4(A;-l)+2 ^4(fc-l)+2^ 



^ik-5^4k-6 — \ ofU n3 p: z.2 



(A; -1)2 2A;-1 
2(A;-1)3 5A;2-6A; + 2y' 



4A .A 4A _/2(A;-l)3 5A;2-6A; + 2 \ 

^4fe-4^4fe-5^4fc-6 - 1^5^^^ _ ;l)3 ^(12A;2 _ 15^; + 5) j ' 



Let 



(27) — A2j^_3A2k_4A2k_^A4k-6 — 

5k{k-lf A;(12A;2 - 15A; + 5) \ 

12fc(A; + l){k- If k{k + 1)(29A;2 - 36A; + 12) J ' 

Then, in view of (20), 

(28) C/4V2 = 

where, as before, k e [2, +00) fl Z. Let now k e [3, +00) fl Z. Then, in view 
of (26), 



(29) Hk-i 



12{k+l)kc{k) -5(/c + l)c(A-) 
-(A; - 2)3c(A; - 1) 



L.A.Gutnik, On the number C(3)- 



6 



In view of (6) 

(30) hi = 34{k - If + 51{k - if + 27{k - 1) + 5 = 

3Ak^ - 51A;2 + 27k - 5, ^ -{k - l)^ 
where k e [3, +oo) fl Z. Hence, in view of (19), 



(31) AU = 

In view (29) - (31), 



1 

-{k - If 3ik^ - 51A;2 + 27k-5 



X 



(32) Al_,Hk-i - (^_^^°_ 3^^3 _ 51^2 ^ 27k - sj 

/12(A; + l)A;c(A;) -5(A; + l)c(A;) 
1^ -{k- 2fc{k - 1) 

-(A; - 2fc{k - 1) 

-{k - lfl2{k + l)kc{k) {k - lf5{k + l)c{k) - bl{k - 2fc{k - 1). 

In view (27) and (26), 

mi ^ oA_ A2(/c + 2)(/c+l)c(/c + l) -5(/c + 2)c(/c+l)\ 

(33) H,B,-\^ Q _^k-lfc{k) ) 

f 5k{k-lf k{12k^ - 15k + 5) 

\12k{k + l){k - If k{k + l){29k^ - 36k + 12) 

{k + 2)c{k + l)k{k + l){-e) \ 

-c{k)l2k{k + l){k - If -{k - lfc{k)k{k + 1)(29A;2 - 36A; + 12) J ' 

Since 

-{k + 2){k + l)c{k + 1)P = -c{k - l){k - 2)^ 
-(A; - lfc{k)k{k + 1)(29A;2 - 36A; + 12) - {{k - lfh{k + l)c{k) = 
-{34k^ - 5lP + 27k - 5){k - lf{k + l)c{k)) = 
-{34k^ - 51k^ + 27k - 5){k - 2f)c{k - 1)), 
it follows from (30), (32) and (33) that 

(34) AUH,_, = HkB^ 

for A; e [3, +oo) n Z. We prove by induction now the foUowiong equality 

(35) = H,U^,_,. 

for any A; G N. In view of (23) and (25), the equality (35) holds for A; = 1. In 
view of (24) and (26), the equality (35) holds for A; = 2. Let A; e [3, +oo) nZ 
and (35) holds for A; - 1. Then, in view of (28), (34) and (20), 
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So, the equality (35) holds for any A; e N. In view of (35), 

(36) = {2{k + i)!)-^P4V2, Qi = m + l)!)-'g4V2 

for A; e [2, +oo) n Z. Since 

(37) p: = (z/!)v, Qi = (i^iy'u. 

for Vu and u^, in (3) and u e No, it follows from (36) and (37), that 

(38) Pil_2 = 2(A; + l)(fc!)V, Q2k-2 = 2(fc + 1)(^!) V 
Let A; e [2, +oo) n Z. In view of (14) and (9) - (10), 

(39) Q2k-2 < Q4k-i < Q4k-2{k' + 2A; + 1), 

(40) Q^,_2 < Q2k-i < Q4k < 

Qlk-iik^ + 4A; + 1) < g^fc_2(^' + 2A; + 1)(A;2 + 4A; + 1), 

(41) g,^,_, < g^^, < g^Vi < Q^fc(^' + 3/c + 2) < 

Q^fe-2(^' + 2A; + 1)(A;2 + 4A; + 1)(A;' + 3A; + 2), 

4fc-2 fc 

(42) n = n «4K-5«4K-4a4/t-3«4K-2 = 

K=l K=2 

fc 

4 JJ(«; - 1) V(« - + 1) = 2(A;!)«(A; + l)/A;^ 

K=2 

4fe-l 4fc-2 

(43) n = n = 2(A;!)«(A; + 1)/A;, 

K=l k;=1 
4fc 4fc-l 

(44) J] a, = (^ + 1)2 J] a, = 2(^!)8(A; + 1)VA;, 

«=! K=l 



4fc+l 4fc 

(45) n = + I) n = 2(A;!)«(A; + l)^ 

K=l K=l 

As it is well known, for any £ > there exist Ci{e) > and C2{s) > such 
that 

(46) Ci(£)(l + v^)^'=(^-^) < \uu\ < C2{e){l + ^)^*^(^+^), 
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(47) Ci(£)(l + ^2)^*^(1-^) < 1^;^! < C2{e){l + V^)^*^M, 



(48) 



(1 + v^)8fe(l+^) 



< 



C(3) - ^ 

Uk 



< 



C2{e) 



(1 + V2)8fe(i-^) 



Terefore, according to (38) - (48), and well known expression for the differ- 
ence of two neighboring convergents of continuous fraction, for any £ > 
there exist C'i{e) > and Ci{e) > such that 



(49) 



(1 + ^2)8^1+^) 



< 



C(3)- 



pA 



QAk-2 



< 



(1 + ^2)8^1--)' 



(50) 



(1 + V2fHi+e 

for i = 0, 1, 2, and 



< 



pA pA 



Q^k-l+i Qik-2+i 



< 



(51) 



< 



C(3) 



pA 



Qik- 



ik-2+i 



< 



(1 + V2fk{l-e) 

(1 + ^fK^+^) ' 



(1 + ^/2fk{l-e) 

for i = 0, 1, 2, 3. ■. 

§2. Introduction. Begin of the proof of Theorem A. 

Let 

(52) \z\ > 1, -37r/2 < arg(z) < 7r/2, log(z) = ln(|z|) + i arg(z). 

Then log(— z) = log(2;) — ztt, if "^{z) > and log(2;) = log(— 2;) — iir, if 
^{z) < 0. Let a e No, 

(53) JZ,U. u) := /;,,(., .) := ("t") ^ (" ^ 

k=Q ^ ^ ^ ^ 



(54) 



n(t-j) 



i?(Q!, t, P) 



i=i 



(55) 



+00 



(56) /;„,.(2, f ) = - z-'^^^^^ i^(R') I (a, t, V), 



t=l 
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(57) fUsi', v) = (log(z))/;o,2(^, + f:W. 

(58) faAk = (^^Qi)!^ ^^' ^)/a,0,fe(^> i^) 

where A; = 1, 2, 3, 4, i/ e No- Let 

(59) = /Xa(i/) = (i/ + Q;)(i/ + 1), T = Ta{iy) ^ U + 



(60) cta,o,i,i('^> ^) — 2 (~^ + 2q; — — + Sa/x — — a/x^) + 

^(-4 + 12a - 13a^ + 6a^ - a^) + 
^//(-32 + 54q; - 29a^ + ^o? - 56^^ + 20a//), 

(61) ^a,o,i,2(-^j ^) = — 2 + 3a — a^ — 8// + a// — a^// — 4//^ + 
^(2 - 11a + ITa^ - lOa^ + 2a^ - 4// - 11a// + 3aV - 20//^), 

(62) <o,i,3(^; i^) = -4 + 5a - ^a^ - ^a^ - 12// - 2a// + 

( 37 , 11 o \ 

^ ( 10 - 24a + —Q? - —o? + 24// - 22a// j , 

(63) <o,i,4(^; ^) = (^ - 1)(6 - 7a + 3a2 + 12//), 

(64) a^:,o,i,i(-2;i^) = l-a + 3/( + /(' + 

2;(4 - 8a + 5a^ - a^ + 24/i - 22a/i + 5aV + 16/i^), 

(65) a;^o,i.2('2;'^) =4-2a + 8/t + 2a/t + 
2;(-4 + 18a - 16a^ + 4a^ + 16/t + lOa/t), 

(66) <o,i,3(^;i^) = 

8 - 2a + a^ + 8/( + z(-20 + 28a - 5a^ - 8/(), 

(67) a^:,o,M(^;^) = -(^-l)(12-2a), 

(68) aa,o,2,i(-^; i^) = ^(-4 + 12a - 13a^ + 6a^ - a^) + 
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|//(-32 + 54q; - 2%o? + ^o?) + ^/x^(-68 + Ma - ^o? - 24/x), 

(69) aQ^Q^2,2(-2j ^) = Q (~1 + 2tt — a — 5/^ + Sa/x — 5/x — a/x ) + 

-(-lOa + 21q;2 - 14q;=^ + 3q;^)+ 
^/i(-16 - 20q; + 17q;^ - 7q;^ - 48/x - 28q;//), 

(70) ^a,o,2,3('^j ^) = — 2 + 3q; — cc^ — 8// + a// — a^/i — 4//^ + 
-(12 - 32a + 25^2 - Sa^ - 2a^) + ^/x(20 - 23a - ?>a^ + 4^), 

(71) «a,o,2,4(-2; = ^(-8 + lOa - 3q;^ - o? - 24// - 4q;//) + 

^(8 - lOa + 3q;^ + ck^ + 24// + 4Q;/t), 

(72) <o,3,i(^; = ^(-4 + 12« - 13«^ + - a^) + 

|/((-32 + 54q; - 29q;^ + 5q;^)+ 
-/(^(-76 + 44q; - 9q!^ - a^ - 48/i - 4q;/(), 



(73) «a,o,3,2(^; ^) ^ ^(-2 + a + 4a2 _ 4q;3 ^ q;4^ ^ 

2;/i(— 16 — q; + 7a'^ — 3a^ — — SA/i — llaji — la^ji — l^jj?), 

(74) 0^0^33(2;; u) = 2^~^ + 2a — — 5n + 3q;/x — 5/x^ — a/i^) + 

-(4 - 16q; + 15q;^ - 4q;3 _ a^)+ 
-/t(16 - 42q; + a^ - 9q;^ + 8/t - 20Q;/t), 

(75) '^l,o,3,4:{^'j ^) = — 2 + 3q; — a^ — 8/( + «/( — a^/t — A/i^ + 

z{2 — 3a + a^ + 8/i — a/i + a^/i + 4/i^), 

(76) aa,o,4,i('^5 ^) = ^(-4 + 12a - 13a^ + 6a^ - a'^) + 

Zi 

^/i(-32 + 54a - 29a^ + 5a^ - 80/( + 50a/( - lla^ - a^/()+ 
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2;/x^(-32 - a - - An), 

(77) <o,4,2(^; ^) = + - - 2a' + a^) + 

^//(-56 + 32a + a^- 5a' - 2q;^)+ 
^/^2(-112 - 26a - ISa^ - 5a^) + V(-28 - 10a), 

(78) <o,4,3(^; ^) = |(-4 + - - «') + 
^/x(-24 - 22a - Sa^ - 9a^ - 4a^ - - 42a/x - ISaV - 

(79) aa,o,4,4(-^; ^) = ■^(~-'- + 2a - a^ - 5/i + 3a// - 5//^ - a//^) + 

-(-2a + a^ - a^) + -//(-8a - 5a^ - ho? - Aa/i), 
z z 

(80) 0^,0,2,1 (-^; ^) = -^(4 - 8a + 5a^ - a^) + 

zi^{24 - 22a + 5a^ + 28// - 2a//), 

(81) a^ Q 2,2iz;iy) = 1 - a + 3fx + fx^ + 

z{10a - iW + 3a^) + ^/((16 + 16a + o?) + 16z/^^ 

(82) <o,2,3(^; z^) = 4 - 2a + 8/i + 2a// + 
^(-12 + 20a - 5a^ + 2a^) + ;2//(-16 + 14a), 

(83) <o,2,4(-2; i^) = (8 - 2a + a^ + 8//)(l - z), 

(84) <o,3,i(-2; '^) = ^(4 - 8a + Sa^ - a=^) + 
2;/t(24 - 22a + 5a^ + 36/t - 4a/t + a^ + 8/f^), 

(85) <o,3,2(^; i^) = ^(4 + 2a - 6a2 + 2a3) + 

^/t(24 + 14a + 2a^) + ^/(^(28 + 14a), 

(86) <,o,3,3 (^; i^) = 1 - a + 3// + //2 + 

2;(-4 + 12a - 3a^ + a^ + a'^ - 8/i + 18/ia + 7/ia^), 
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(87) <o,3,4(^; i^) = (4 - 2a + 8// + 2api){l - z), 

(88) a^^o,4,i i^; iy)^z{A-8a + 5q;^ - a^) + 

zi^{24: - 22a + 5a^ + - 6q!/x + a^) + zi^^{16 + 2a), 

(89) a^fiAA^' ^) = - 6q; - + a^) + 

zfjL{AO + Aa + a^ + 2a^) + ^//^(48 + 22a + 5q;^) + SzpL^, 

(90) <o,4,3(^; ^) = ^(4 + 4a - + + ^ 
z/i(16 + 22q; + Ua^ + Aa^) + zf/{12 + 10a) 

(91) <o,4,4(^; i^) = 1 - a + 3// + + 

2za + ZQ? + 2;q;^ + za^ + 42;/iQ; + "iz^xc? , 

(92) <,o,i,fe(^; ^) = <o,i,fe(^; ^) + ™a,o,i,fe(^; ^)> 

where i = 1, 4, /c = 1, 4. We denote by 

^;o(^;^), <o(^;^)(^;^) 

the 4 X 4-matrix, such that its element in i-th row and A;-th column is equal 
respectively to 

^a,0,i,fe(^; ^)> '^a,0,i,fc(^; ^)> '^a,0,i,fc(^; ^) 

where % — !■, 4, A; = 1, 4. Then 

(93) Al^^{z- V) = Al,{z- u){z- u) + rA^^iz- u){z- u). 
Clearly, 

(94) Al,{z;v) = Al,{z-v){l-v) + {z-l)Vl,{v), 
where the matrix V*q{v) does not depend from z. Let 

(95) 



Xa,Q,k{z] v) = 



/ /a,0,fc(^, Z^) \ 
Sfa,0,ki^, V) 

^'^fafl,k{z, y) 



for A; = 1, 2, 3, \z\ > 1, e Nq. Let further 

(96) ^a,o,fc(^; -i/ - 1 - a) = X„,o,fe(^; '^), 
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where v e Nq. The foUowing results are obtained in [15] - [17]. 
Theorem 1. The column Xa,o,k{z;j^) satisfies to the equation 



(97) 



l^^XafiA^'^ 2/ - 1) = A*^q{z; l')Xafl,k{z] v) 



for u e M* = (-00, -1 - a]U [1, +oo)) n Z, A; = 1, 2, 3, \z\ > 1; moreover, 
the matrix AI^^q{z; has the foUowing property: 

(98) + afE, = Al^{z- -v - a)Al^^{z- v\ 

where E4 is the 4x4 unit matrix, z E C, u & C. Let us consider the row 

(99) RaM = (rafiM, ra,o,2(i^), ra,oA'^)^ ra,o,4(i^)), 
where 

(100) ra,o,i{iy) = A^a(i^)^ r^fiM = -2(1 - a) x 

/Ua(z/), ra,o,3('^) = (1 - a)^ - 2/ia(z/), ra,o,4(0, z/) = 2(1 - a). 

The following Theorem is proved in [17] (Lemma 11.3.1). 
Theorem 2. The row Rafl{i^) has the foUowing property: 

(101) RaA^ - iXo(i; ^) = i^'RaA^), 

where v & C 

§3. Transformations of the system considered in the 
Introduction in the case a = 1. 

In view of (59), (100) 

(102) T = Ti{u) = u + l, n = = {u + l)\ ri,o,i(i/) = 

/^i(i^)' = (i^ + 1)' = T^ r^,oM = 0, r,,o,M = 

-2/ii(z/) = -2(z/ + 1)2, r„,o,4(0, v) = 0. 

Let £^4 denotes 4 x 4-unit matrix, and let C^'^^v) with k = 0, 1 is result of 
replacement of 2k + 1-th row of the matrix £'4 by the row in (99) with a — 1. 
Let further D^'^\v) with k = 0, 1 denotes the adjoint matrix to the matrix 
C('^)(i/). Then 



(103) 



C(°)(i/) = 

(rifl,i{v) rifl^v) rifl^v) ri,o,4('^)\ 
10 

10 

\ 1 / 
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(104) 



Clearly, 

(105) 



(106) 
Then 
(107) 



/I \ 

10 

rifl,i{^) nfiM ri,o,3(i^) ri,o,4(i^) 



V 











1 / 



/I -ri,o,2{^) -riflA^) -ri,o,4{u)\ 

ri,o,i(i^) 

ri,o,i(^^) 

Vo ^1,0,1(^)7 

( n,oM \ 

ri,oM 
-ri,o,i{i') -ri,o,2(i^) 1 -n,o,4(j^ 

V ri,o,3(i^) y 



CW(i/)L»W(zy) = (-2)''(/ii(z/))2-^4, C('^n-i^-2) 
C('^)(i/), D^^\-v - 2) = L>('^V)> 



where k = 0, 1. Let 



Ar:*{z,u) = C^'^\u-l)Al,{z,u)D^^\u). 



Ax:*{z,-v-i) = 

CW(_i, _ 2)AIq{z, -V - l)D^^\-iy - 1) = 

C^^\u)Al,{z,-u-l)D^^\u-l), 
and, in view of (105), (98), (106), 

(108) Al%*{z,-u-l)Al'^%z,u)^ 
C'-'^\i.)Al,{z, -V - \)D^'^\v - l)CW(z/ - \)Al^{z, v)D{y) = 

-4'^(/ii(i/)/xi(i/ - r)f-\v{v + 1))'£;4, 

where k = 0, 1. Let 

(109) y[%{z-v) = C^'^\v)X,^^^^{z-v), 

where k = 0, 1, A; = 1, 2, 3, |^| > 1, G M^*** = ((-oo, -2] U [0, +oo)) n Z. 
Then, in view of (96), (105), (97), 



(110) 



n5!fc(^;-^-2) = nlo:.(^;^), 



(^) 
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(111) Al%*iz,u)Y,%{z;u)^ 

C^''\u-l)Al,{z,iy)D^^\iy)C^^\iy)X,Mz;iy) = 

+ VcW(i/ - l)Xi,o,ik(^; y-l)^ 

(-l)^(«: + l)/Zi(z.)^-VV'V/;;,(z;z.-l), 

where k = 0, 1, = 1, 2, 3, \z\ > 1, i/ e M^* = ((-oo, -2] U [1, +oo)) n Z. 
Replacing in the equahty (111) 

1/ e M* = ((-oo, -2] U [1, +oo)) n Z 

by 

1/ := -1/ - 2 e M** = ((-oo, -3] U [0, +oo)) n Z, 
and taking in account (110) we obtain the equahty 

(112) 

- J(^, -V - 2)y};1{z; u) ^ i-in^ + + 2rY};l{z; v + 1), 

where k = 0, 1, A; = 1, 2, 3, |z| > 1, i/ e Ml* = ((-oo, -3] U [0, +oo)) n Z. 

§4. Calculation of the matrix A'^'^iz.v) for At = 0, 1. 

Let 

(113) V:^{v) = C^'^\u - l)V*,{u)D^-\u). 
Then, in view of (94), 

(114) ^::o*(^;^) =^:'}3*(i;^)(i;^) + (^-i)K:r(^), 

where the matrix V**Q{iy) does not depend from z. We note that the 2k + 1-th 
row of the matrix 

coincides with the row 

RUu-l)Al*,iz,u) 

and, according to the Theorem 2 coincides with the row u^Rl q{i'), i.e. with 
the 2k, + 1-th row of the matrix u^C^'^^u). Therefore, in view of (105), the 
{2k. + l)-th row of the matrix AI'^q{1, v) is equal to 

(115) {-2Y{^Ji,{vf-^ye,,2.^^, 

where 64,; denotes the Z-th row of the matrix £'4 for Z = 1, 2, 3, 4. We note 
further that the second, 3 — 2K-th and fourth row of the matrix C'^'^^u — 
1)^^ q(1, u) coincides with respectively the second, 3 — 2«;-th and fourth row 
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of the matrix A^q(1, u). In view of the equahties (148) - (151) in [17], since 
a — 1 and /i — /ii(i^) — {u + 1)^, t — ti{i') — u + 1 now, it follows that 

(116) i^'=P5(/x)+rg5(/^), 
where 

(117) p^in) = -5//' - 10/x - 1, qsin) ^IJ,^ + 10// + 5. 

Let A^Q^(1; u) denotes the 4 x 4- matrix with second, (3 — 2/t)-th and fourth 
row equal respectively to the second, (3 — 2fi;)-th and fourth row of the matrix 
C(u - l)A^o(l, iy)D{iy) and with (2k + l)-th row equal to 

(-2)'^(/xi(i.)2-«)p5(;,)e4,2«+i. 

Let further A^q^(1; v) denotes the 4 x 4- matrix with second, (3 — 2«;)-th and 
fourth row equal respectively to the second, (3 — 2«;)-th and fourth row of 
the matrix C{u — 1)^^'q(1, v)D{y) and with {2k + l)-th row equal to 

{-2Y{^^,{vf-^)qMe,,2n+l. 
Then, in view of (93), (115) and (116), 

(118) At-(1; ^) = A\'^{1- v) + tA^^I\\- v\ 

where k = 0, 1. We denote by oli(l5 ^) ^'^'^ ^)-- where 

K = 0, 1; i,j = 1,2,3,4, the expressions, which stand on intersection of i-th 
row and j-th column in the matrices respectively A];q*(1;z/), A^^^q {\\v) and 
^^-^^(1; v). Then, in view of (115), 

(119) «ww(i;^) = 

(-2) V-2"(r - l)^ 

(120) «roWi,fc(i;^) = o, 

where k = 0, 1, /c = 3 — 2k^ 2, 4. In view of (60), 

(121) a;^,o,i,i(l;^) = -2/^-2V- 
In view of (64), 

(122) a^,o,i,i(l;i^) = 10// + 17/xl 
In view of (124), (125), (93) and (118), 

(123) <o,i,i(l;^) = 

17r^ - 21r^ + lOr^ - 2t^) = t^{17t^ - 21r^ + lOr - 2). 
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In view of (68), (103), (104), 

(124) a^ZA^-^ ^) = <o,2,i(l; ^) = - 20/.2 - 12/.3. 
In view of (80), (103), (104), 

(125) <o?2,i(l;^) = <o,2,i(l;i^) = 7/X + 26/.2. 
In view of (124), (125), (93) and (118), 

(126) <o:2,i(i;^)-<o,2,i(i;^^) = 

-(12r^ - 26r^ + 20r^ - 7t^ + r^) = 
-t^(t - 1)(12t^ - 14t2 + 6t - 1) = 
-t^{t - 1)(2t - 1)(6t2 - 4t + 1). 
In view of (72), (103), (104), 

(127) a^^ZA^-^ ^) = <o,3,i(l; ^) = -/^ - 2 V - 26/.^ 
In view of (84), (103), (104), 

(128) <°oO.,i(i;^) = <o,3,i(i;^) = 

In view of (127), (128), (93) and (118), 

(129) <o,3,i(i;^) = <o,3,i(i;^) = 

8t^ - 26t^ + 33t5 - 21t^+ 
- = T^(r - 1)(8t^ - 18t^ + 15t^ - 6t + 1) = 
t^(t - 1)^(8t^ - lOr^ + 5r - 1). 

r2(r - l)2(2r - l)(4r^ - 3r + 1). 
In view of (76), (103), (104), 

(130) ar°^,i(l; u) = a;^,o,4,i(l; ^) = - 2 V - 34//=^ - Apt' 
In view of (88), (103), (104), 

(131) <(C4,i(l; ^) = <o,4,i(l; ^) = 7// + 35//^ + lSf,\ 

In view of (130), (131), (93) and (118), 

(132) <o,4,i(l;^) = <o,4,i(l;i^) = 

-4r^ + 18t^ - 34t^ + 35t^ - 21t^+ 

7r^ - = -r^(r - l)(4r^ - 14r^ + 20t^ - 15r^ + 6r - 
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-t\t - 1)2(4t^ - lOr^ + lOr^ - 5t + 1) = 
-t^(t - l)^(4r^ - 6t^ + 4t - 1) = 
-t^(t - 1)3(2t - l)(2r2 - 2r + 1). 
In view of (62), (103), (104), 

(133) a^i^,3(l; u) = 0^^,0,1,3(1; ^) = -2 - 12//. 
In view of (66), (103), (104), 

(134) «w,3(l;i^) = <o,i,3(l;^^) = 10, 
In view of (133), (134), (93) and (118), 

(135) <o:i,3(i;i^) = <o,i,3(i;^) = 

-12t^ + IOt - 2 = -2(2t - 1)(3t - 1). 
In view of (70), (103), (104), 

(136) ari^,3(l; u) = 0^,0,2,3(1; ^^) = -1 - 14//- 
In view of (82), (103), (104), 

(137) a^i^,3(l; u) = 0^^,0,2,3(1; ^) = 7 + 8/., 
In view of (136), (137), (93) and (118), 

(138) <o,2,3(i;^) = <o,2,3(i;^) = 

8r^ - Ut^ + 7r - 1 = 
(r - 1)(8t2 - 6t + 1) = (r - 1)(2t - 1)(4t - 
In view of (74), 

(139) 0^,0,3,3(1; ^) = -l- 18/^ -V- 
In view of (86), 

(140) 0^,0,3,3(1; I/) = 7 + 20/. + /.^ 
Hence, 

(141) at,o,3,3(l; iy)^T'- + 20t' - 18t' + 7t - 1 

(r - l)(r^ - 8r^ + 12r^ - 6r + 1) = 

In view of (78), (103), (104), 

(142) a^ZA^-^ ^) = <o,4,3(l; 1^)^-1- 31// - 48//^ 
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In view of (90), (103), (104), 

(143) <(C4,3(1; ^) = <o,4,3(l; u) = 9 + 53i, + 22/.2, 
In view of (142), (143), (93) and (118), 

(144) <o:4,3(l;^) = 

-4t^ + 22t^ - 48t^ + 53t3 - 31t^ + 9t - 1 = 
-(r - l)(4r^ - ISr^ + 30r^ - 23r'^ + 8t - 1) = 
-(r - 1)^(4t^ - 14t=^ + 16t^ - 7t + 1) - 
-(r - l)^(4r^ - lOr^ + 6r - 1) = -(r - 1)^(2t - l)(2r^ - 4t + 1). 
In view of (61), 

(145) 

In view of (65), 
(146) 

In view of (69), 
(147) 

In view of (81), 
(148) 

In view of (73), 
(149) 

In view of (85), 
(150) 

In view of (77). 
(151) 

In view of (89), 
(152) 



<o,i,2(l;^) = -20/x-24/x', 



«W,2(1;^) =4 + 36//, 



<o,2,2(l;i^) = -14/X-4V- 



<o,2,2(l;^)=2 + 36/x + 17/x2. 



<o,3,2(l;^) = -14//-58/x2-12//=^ 



<o,3,2(l;i^) = 2 + 40/x + 42/i2. 



<o,4,2(l;^) = -15/^-7V-38/x' 



<o,4,2(l;^^) = 2 + 47/. + 75/.2 + 8/x3. 
In view of (63), (67), (71), (83), (75) and (87), 

(153) «i,o,fe,4(i; ^) = «^,o,m(i; ^) = 0- 
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for A; = 1, 2, 3. In view of (79), 

(154) ar,o,4,4(l;^) = -l-10/x-5/xl 
In view of (91), 

(155) 0^^0,4,4(1; = 5 + 10/i + /i^ 
In view of (103), (104), (106) and (100) with a = 1, 

(156) a*'^o,k,2+2j{^; ^) = -n,o,2+2j(i^)at,o,fc,2«+i,(l; ^) + 

ri,o.2^+i(z^)at,o,fc,2+2j(l;'^) = (-2)V"''«t,o,fc,2+2i(l;'^), 
where j, k = 0, 1, A; = 3 — 2ac, 2, 4. Therefore, in view of (145) - (155), 

(157) <o,3,2(l;^) = 

-r^(12r^ - 42r^ + 58r^ - 40r2 + 14r - 2) = 
-t^(t - l)(12r^ - 30r^ + 2St'^ - 12r + 2) = 
-t^(t - lf{12T^ - ISr^ + lOr - 2) = 
-t^(t - 1)'(2t - 1)(6t2 - 6t + 2) = 
-2r^(r-l)^(2r-l)(r=^-(r-l)^), 

(158) 2(1; ^) = -2t^(-24t^ + 36t=^ - 20t^ + At) = 

8r3(6r3 - 9t2 + 5r - 1) = 8r^(2r - 1)(3t2 - 3r + 1) = 
8T3(2r-l)(r3-(r-l)3), 

(159) 

«tA2,2(l; ^) = (-2) V-2'^(17t5 - 41t^ + 36t^ - Mr^ + 2t) = 

(_2)V^-2«(r - l)(17r3 - 24r2 + 12r - 2) = 
(_2)V-2^(t - l)(r3 + 2(2r - 1)^), 

(160) aro:4,2(i;^) = 

(_2)«r^-2«(8r6 - 38t^ + 75t^ - 79t^ + 47t^ - 15t + 2) = 
(_2)«r^-2«(r - 1)(8t^ - 30t^ + 45t^ - 34t^ + 13t - 2) = 
(_2)V^-2'^(r - 1)'(8t^ - 22t^ + 23t' - llr + 2) = 
(_2) V-2'^(r - l)^(8r=* - Mr' + 9t - 2) = 
(_2) V-''^(r - l)^(2r - l)(4r=' - btau + 2). 

(161) atfo:M(l;^)=OforA; = l, 2, 3, 
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(162) aro:4,4(i;^) = 

(-2) V-2-(r5 - 5r^ + lOr^ - lOr' + 5r - 1) = 
(-2) V-2''(r - l)^ 

where k, — 0, 1. Let 

(163) ^(yt,/.) = detL '"^'°'^+?'! . ^^W-^^ A 
where k = 0, 1, /c = 1, 2, 3, 4. Then 

(164) ^(A;, k) = -e(k, 1-k), for k = 0, 1, A; = 1, 2, 3, 4; 
moreover, in view of (100) with a = 1, (103), (104) and (106), 
(165) 

«ro*M-2«(l; ^) = ^i^^i^) ^ -^i,o,3-2«)(z^)at,o,fc,2K+i(l;^^) + 
ri,o,i+2«(i^)at,o,fe,3-2K(l;^^) = -(-2)'"V+"<,o,fe,2«+i(l;^)+ 

(-2)V-X,o,M-2.(i;^), 

where k = 0, 1, A; = 3 — 2k, 2, 4. If we replace Khy k' = 1 — k in (165), then 
we obtain the equality 

(166) <M-2«'(1;^)=^(^,«^') 
where k' ^ 1 - k = 0, 1, k ^ 3 - 2k' = 2k + 1, 2, 4. Hence, 

(167) <o:m-2«(i; ^) = -«tAr2«+i(i; 

where k = 0, 1, A; = 2, 4. Therefore, in view of (123) - (144), 

(168) atAi,i(l; i^) = -2r^(17r3 - 21t2 + lOr - 2) - 

-2t^(-6t^ + 5t - 1) = -2t^(17t=^ - 27t^ + 15t - 3) = 
-2r^((r-l)=^ + 2(2r-l)3). 

(169) <o,3,3(l;^) = 

t\t - 1)\t^ - 7t^ + 5t - 1)+ 
2t^{t^{t - 1Y{8t^ - lOr^ + 5t - 1)) = 
t^(t - 1)^(17t^ - 27t^ + 15t - 3) = 

r^(r-l)2((r-l)^^ + 2(2r-l)''^) = 

-^(r-i)Xo,i,i(i;^)- 
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(170) <o:2,3(i;^) = -<o,2,i(i;^) = 

r^((r-l)(2r-l)(4r-l)) + 
2r^(-r2(r - l)(2r - l){6r'^ - 4r + 1) = 
-t^(t - l)(2r - l)(12r2 - 12r + 3) = 
-3r^(T-l)(2T-l)^ 

(171) <o,4,3(i;^) = -<o,4,i(i;i^) = 

r\-{r - 1)^(2t - 1)(2t2 - 4t + 1))+ 
2T'(-T2(r - l)=^(2r - l)(2r' - 2t + 1)) = 
-r\r - 1)\2t - 1){6t^ - 8t + 3). 

§5. Further properties of the matrix AI'^q{z,i/ 
In view of (119), (162) 



(172) lim (-2)-V-«+^''ar,t,,4(l; 



>+oo 



lim (-2)-V-9+^'^ar;o:2«+i,2.+i(l;^) = 1, 

In view of (120) 

(173) lim (-2)Va-Wi,.(l;^^) = 0, 

where k ^ 0, 1, k ^ 3 - 2k, 2, 4, I e Z. In view of (126) and (138), 

(174) lim (-2)-V-6a-:2,2«+i(l; ^) = -12(1 - 

fc"— >+oo ' ' ' 

where k = 0, 1. In view of (159), (168) (159) and (169), 

(175) lim (-2)-V-9+^«ai',-or2,2(l;^) = 

lim (-2)-V-9+Xor3-2«,3-2«(l;^) = 17, 
where k = 0, 1. In view of (170), 

(176) hm (-2)-V-«a-:2,3-2«(l; ^) = -2-'^24, 
where k, = 0, 1. In view of (161), 

(177) lim (-2)-Vat:o,M(l;^) = 0, 

where k = 0, 1, /c = 1 2, 3, / e Z. In view of (129), (135), 

(178) hm (-2)-V-^+^'^a-o:3_,,,,+,,(l; u) = 8(1 - k) 
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In view of (157) and (158) 



(179) 



lim (-2)-V 



K — 10+4k ** 



1,0,3-2k,2 



where k = 0, 1. In view of (132) and (144) 



;i;i/) = -2n2, 



(180) 



lim (-2)-V 



K —8+2k*k* 



''1,0A2k+1 



1;^) 



i^— ++00 

where k — 0, 1. In view of (160), 

-2)-v-^i+2.^tro:4,2(i;^) = 8, 



2)-'^4, 



(181) 



hm ( 



where k, = 0, 1. In view of (171) 

\—K, —10„*K* 



(182) 



hm (-2)-V-"a-:4,3-2«(l;^) = -2-^2, 



where k, = 0, 1. 

Let A be a variable. We denote by T„ ^ the diagonal n x n-matrix, i-th 
diagonal element of which is equal to A'"-*^ for i = 1, n. We denote by Tjfl 
n X n-diagnoal matrix such that its i-th diagonal element is equal to A and 
and its other diagonal elements are equal to 1. It follows from (172) - (182) 
that 

(183) 

where k = 0,1, 



/ 1 








o\ 




/17 


-24 





°\ 


-12 


17 


-24 







-12 


17 








8 


-12 


17 











1 





V 4 


8 


-12 


V 




^-6 


8 


2 


1/ 



Let me to make some comments to the equalities (183. Accordng to (173) 
and (183 



(184) 



U—i^ + OO ' ' ' 



/I 0\ 

17 -24 

-12 17 

\04 8 -12 1/ 

for any / G N, and, in particular, for / = 4. Let be the matrix, which 
appears after replacement 2k, + 1-th row in E4 by the row (l —2 O) . 
Then, in view of (102) with a = 1 and (103, 
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Further we have 



(T^JCW(z/-l)T4,.)x 

(y-j(C'W)-ir4,.) = 

According to the results of section 11.1 in [17], 



-2)-V 



-9+2 



X 



(2k+1x4-2k 



Further we have 



EoA~(Eo)-^ = 



/ 17 


-24 





0\ 


-12 


17 








8 


-12 


1 







8 


-4 


1/ 


/ 1 





-2 


o\ 


-12 


17 








8 


-12 


1 





\-4 


8 


-4 


V 



/I 

1 

1 



/I 0\ 

-12 17 -24 

8 -12 17 

\-4 8 -12 ly 



EiA~(Ei)-^ 



2 0\ 



1 



1/ 



/17 


-24 





o\ 




A 








o\ 


-12 


17 













1 








1 





-2 







1 
2 





1 
2 





V-4 


8 


-4 


V 












1/ 


/ 17 


-24 


0\ 












-12 


17 





















1 












V-6 


8 


2 1) 













So, I can consider the equahties (183) as some test of previous calculations. 



§6. Further properties of the functions considered in 

the Introduction. 
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Let a > 1. Then the function f{R{a, t, z/))^ (see (54)) is regular at t = cxd 
for r = 0, 1, 2, is regular at t = oo for r = 3, a > 2 and has a pole of first 
order at t = oo for r = 3, a = 1. So, in the case r = 0, 1, 2, o; > 1 we have 
the equalities 

(185) Res{f{R{a,t,iy)f,t^oo)^0, 

(186) limf{R{a,t,iy)y^O, 

t— »oo 

and in the case r = 3, a = 1 we have the equalities 

(187) Res{t^{R{l,t,iy)f,t ^oo)^-l, 



(188) lim r(i?(l, i/))^ = 0. 
In view of (55), 

(189) <57;o,2(^, ^) = E z-'^-^^^j^{-tnR{a, t, 



t=l 



where wc consider r = 0, 1, 2, 3. Expanding ^^^^0-{—ty{R{a,t,y)Y into 
partial fractions relatively we obtain 

(190) ^^^±0^{-tnR{a,t-i.)f = 

E E/^i:U.(^+^)" 

i=l Vfe=0 

where i/ e Nq, r = 0, 1, 2, 3, a e N, 



(r) _ {v + a)? 



(191) (^a,Q,2-j,k,u — 



X 



^ lim, f|y((-tr(i?(«,^,^)(^ + A;))^), 



j! t^-fc \ dt J 
for J = 0, 1. In view of (185), (190) and (187), 

k=0 

for r = 0, 1, 2 and a eN. 



(193) E/^W.^,^ = -(^ + l) 

fc=0 
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In view of (190), 

(194) -^^1^^"'^'^^^^'''''^^^'^ 



2 /v+a. \ 
i=l \fe=o / 



where i/ e No, r = 0, 1, 2, 3. Let 

E V'^* 

K;=fe+1 

i^+a— fc \ k 

where v e No, i G N, /c e [0, i/ + a fl Z. In particular, 
(196) 5i,o(0, 0) = 0, 5i,o(0, 1) = -2, 5i,i(0, 1) 



(197) ,Si,o(l,0) = -l, ,Si,i(l,0) = l, 



(198) 5i,o(l, 1) = ^i,i(l, 1) = -\, ^1,2(1, 1) 



(199) >Si,o(l, 2) = -(1 + 1/2) - (1 + 1/2 + 1/3) = 

(200) 5i,i(l, 2) = -(1/2 + 1/3) - (1 + 1/2) + 1 = 

(201) 5i,2(l, 2) = -(1/3 + 1/4) - 1 + (1 + 1/2) = 

(202) 5i,3(l, 2) = -(1/4 + 1/5) + (1 + 1/2 + 1/3) 
In view of (191), (54) and (195) 

(203) = 

{v + a)\ {v + k)\ 1 \^ fv + a 

iy\ k\ {u + a-ky. 
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(204) PZ,i,k,.-^P^ai2,k,.SiA<^^^)^ 
where u e No, i G N, /c G [0, z/ + a fl Z. In particular, 

(205) /3o,o,2,o,o ~ /^o,d,2,o,i — 1) /^o,o,2,i,i — 4, 

(206) /^i,d,2,o,o = /^i,d,2,i,o = 1' 

(207) /^i,d,2,o,i ~ 1' /^i,d,2,i,i ~ 16, /^i d,2,2,i ~ 9, 

(208) /^i!o,2,o,2 = 1' '^i?d,2,i,2 = 81 > 

(209) /3i5,2,2,2 = 324, 2,3,2 = 100. 
In view of (204), (205) - (209) and (196) - (202), 

(210) <d,iAO = 2/5S2,o,o'5i,o(0,0) = 0, 

(211) <d,i,o,i = ^PmiSi,o{0, 1) = 2 X 1 X (-2) 

(212) <d,i,i,i = 245,2,i,i'5i,i(0, 1) = 2 X 4 X i . 

(213) <d,i,o,o = 2/?i°) 2,o,o'5i,o(l, 0) = 2 X 1 X (-1) 

(214) <d,i,i,o = 2/?;°) 2,i,o'5i,i(l, 0) = 2 X 1 X 1 = 

(215) /3i°d,i,o,i = 2<d,2,o,i'^i,o(l, 1) = 2 X 1 X ^ = 



?(o) _ o/:?(o) - - ^ - -1 



(216) Pll,,,,, = 2/3i;'^_2,i,i^i,i(l, 1) = 2 X 16 X 



(217) P[%,,2,i = 2/?i°)2,2,i'5i,2(l, 1) = 2 X 9 X ^ 



(218) <d,i,o,2 = 2/3{°) 2,o,2'5i,o(l, 2) = 2 X 1 X 4^ 
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(219) <oli,i,2 = 2/?;°) 2,1,2-51,1(1, 2) = 2 X 81 X ^ = -216, 



(220) /?S,i,2,2 = 2/?i5,2,2,2'5i,2(l, 2) = 2 X 324 X ^ = -54, 



?(o) _ o/?(o) - ~x - — 83 830 



(221) P\l,,s,2 = m2,3,2SiA^: 2) = 2 X 100 X 



60 3 



We put in (190) r = 0, and multiply both sides of obtained equality by {—ty 
for r = 0, 1, 2, 3. Then we see that 

(222) -t^^^±^{R{a,t;i.)r = 

[ \^ A,0,i,k,ui~^ — k + k) \ ^ f ^i^l,0,2,fc,^y ^ 

'^l^a,0,l,k,v l^a,Q,2,k,u \ _ ^(0) 

^ I I /^a,0,l,fc,i/' 

(223) (-i)^i^^±^(i?(a,t;^))^ = 

h\k i'+'^y ) [k (^+^)^ J 

.fe=0 / k=0 



(224) (-t)^^^:±^(it:(a,t;^))^ = 



a,0,2,k,i/ 



trlfc^ (^+^)^ J \h (^+^) 

^k=0 / \k=0 

v+a 

5:(t^-H+fc^)/?iv.- 

fe=0 

The equality (192) with r = again follows from (186) with r — 1 and (222); 
moreover, in view of (190) with r = 1, and (222), 



(225) 
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(226) (5)^ 

for /c = 0, + a G N. The equality (192) with r = 1 again follows from 
(186) with r = 2, (192) with r = 0, (223) and (226); moreover, in view of 
(190) with r = 2, and (223), 



(228) 

,0,2,fe,i/ 

for a G N and A; = 0, u + a. The equality (192) with r = 2 again fol- 
lows from (188), (192) with both r G {0, 1}, (224), (226) and from (228); 
moreover, in view of (190) with r — 3, and (224), 



(229) (^afi,2,k,v — ^^/^a,0,2,fc,i/' 



(230) Pafi,l,k,v — ^^/^i,0,l,fe,i/ ^^'^ ^L}),2,k,u 

for a G N and k = 0, u + a. In view of (55) - (57), 

(231) (<^^)/;o,3(^, ^) = i^Og{z)){5y)fU2{Z: y) + 

r{5r'fU2{^.i^) + (5)7;o,4(^>^) = (iog(^))('5)')/;o,2(^,^)+ 

+00 



E^-'^(''(-'r'-H)i)«v<..)- 



In view of (190), (194), (189) (231), 

(232) <^7;o,2+,(^, ^) - J(log(^))<^7;o,2(^, ^) = 

2 / oo \ \ 

E E E(i - i + ij)p^o,,k,.^'--'-'ii + kr-^ 

i=l \t-l \k=0 / / 

2 / v+a / oo 



i=l \k=0 \t=i 



2 / u 



E 1 E(i - ^' + ij)^akk,.^' ^.+i(i/-) - E ^-^iirr-' 

V r=l y 

E(i - 3 + ^j)/5:5i(^; ^)^.+.(i/^) ) - pSomM^ 



j=i 
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where j = 0, 1, r = 0, 1, 2, 3, \z\ > 1, a e N, 

(233) L,{l/z) ^Y.^/{z-n% P<;^,{z;u) -J^Ck^''^ 

n=l k=0 

for s e Z, i e {1,2}, ly e No, 

(234) (^S,3+M^) = 

i=l \k=0 \T=1 / / 

u+a—1 v+a—a 2 

C|-=0 T=l j=l 

In view of (192) and (233), if r = 0, 1, 2, a e N. then 



(235) <o^\(^;^) = (^-i)C:i(^;^), 

where 13*^^^"^} {z; v) e Q[z], when i/ e Nq. In view of (193) and (233), 

(236) (5lf^,{z- v) = -{u + 1)^ + {z- l)Co!f (;.; u), 

where /3i*o!?('Z; e QN, when i/ e Nq. In view of (225) - (230), (233), 

(237) /?:S2(^;^) = <S!2(^;^), 

(238) /?:!i\(^; ^) = 5p<^^,{z- v) - p<^^,{z- u), 

(239) &,2i^;'^)-S'P*JS2i^;u), 

(240) /3:gi(^; ^) = <^'/3S;i(^; ^) - 25/3S;2(^; 

(241) <o!2(^;^)='^X!S!2(^;^), 

(242) /3:g!i {z;i^) = (;^; ^) - 35^/3:S?2 (^; ^) , 

where a e N. Clearly, 

(243) {-S)'L^{l/z)=Lr,.k{l/z), 
where /c e [0, +oo) n Z, n e Z, > 1, 

(244) Li(l/;2) = -log(l - 1/z), -SL,{l/z) = 
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Z -L 

/ / X 1 3 2 

^-2(1/^) = — -r + 7^-n2 + 



z-i {z-iy [z-if 

We apply the operator 5 to the equahty (232) for r = 0, 1, 2, a e N. Then, 
in view of (243), we obtain the eqvahty 

(245) 5'^'fU2^M^ y) - j(iog(^))5'-+V;o,2(^, ^) = 

i<^7;o,2(^,^)+ 

' 2 ^ 

^(l-j+zj)/5:!o,U^;^)Wi(l/^) 



,i=l 



It foUws from (245) with j = that 

(246) <^^-"V;o,2(^,^) = 

(5/3:5?,(z; v))U{llz) + (<5/3:5?,(^; ^) - H^Uz: y))U{llz)- 

5/3:5!3(^;^)-/3:5!i(^;^)^o(i/^). 

In view of (232) with j = 0, (246), (235), 

(247) /3:5?,(.; v) = <Sr2'^(^; ^)) = ^'C^i^-^ 



(248) /5:5:i(^; ^)) = 5pz"\z; V) - /3:5,2 ^(^; ^) = 

<^''/3S;i(^;^)-r<^'-'/3S;2(^;^), 
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(249) (5<2.{z: ^) = 5(5%-'\z; v) + (5%f{z- v))L,{l/z) = 

where r = 1, 2, 3, and a G N. The equahties (237) - (242) follow from the 
equalities (247) and (248) again. In view of (203), (233), (53) and (247) 

(250) /3:5!2(^;^) = <^7;o,i(^;^)eNN, 

where a e N, e No, r = 0, 1, 2, 3. It foUws from (245) with j = 1 that 

(251) 5^^'fU^{z. y) = (log(^))5^-^V;o,2(^, ^) + 

2 



E<S?^(^;^)^^(V^) ) = (iog(^))(^'-+v;o,2(^,^)+ 



2 



E^(<o!.(^;^))^m(i/^) -5/5S,4(^;^)- 



PZUz; i^)L,{l/z) - {P^:l,{z; v) + 5/?i';i,,(^; ^)) = 
(log(^))5'-+V;o,2(^, ^) + 2(<S!2(^; ^))^3(l/;^) + 

(<o!i(^; ^) - /?:5!2(^; ^))i^2(i/^) - {5(5^:iM v) + /3:S3(^; v)). 

In view of (232) with j = 1, (251), 

(252) i5%f{z, v) = 6p*J;],iz; u) = 6'^' P*J^,,iz; u), 

(253) pi%'\z- v) = <s!2(^; ^) - ^ZU^; y) = 

<^^+VS,i(^;^)- 5^/5^,2 (^;^), 

where r = 0, 1, 2, and we obtain (247) - (247) again. Moreover, 

(254) fi%f{z- v) = 5/3:a(.; v) + /3:g3(^; 

where r = 0, 1, 2. If we take now z e (1, +cxd) and will tend z to 1, then, in 
view of (232), (235), (236) and (244) 

(255) '^7;o,2+,(l, y) = ^lim^57;o,2(^, ^) = 

(1 - ^ + y-^o.Ui; ^)C(2 + j) - /5:5;3+,(i; y\ 
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where r = 0, 1, 2, j — 0, 1, 

(256) ^lim^(^-l)5X,2(^,^)=0, 
if q; e N. In view of (233), (234), (205) - (217), 

(257) /?oTi(^;0) = Ci,o,o = 0, 

(258) /3o,o,2(^; 0) = /^oA2,o,o ^ 1' 

(259) /3otk^; 0) = /3ot4(^; 0) = 0, 

(260) p;^\{z; 1) = ,,0,1 + <d,i,i,i^ = -4 + 4^, 

(261) /?otk^; 1) = <i2,o,i + =1 + 4^, 

(262) /?otk^; 1) = /Sffii.i,! + /^S2,i,i = 8, 

(263) p;%{z; 1) = + 2/3£,,,,, = 12, 

(264) 0) = /3i5,i,o,o + Piti,i,o^ = -2 + 2^, 

(265) I3l^,{z; 0) = /jf") 2,0,0 + /5?o,2,i,o^ = 1 + ^, 

(266) 0) ^ /?S,i,i,o + /3S,2,i,o = 3, 

(267) Pl^iz; 0) = /3i°i,,,,o + 2/3i°) = 4, 

(268) /3rS(z; 1) = /3S,i,o,i + + 
<d,i,2,i^' = -5 - IQz + 21z' ^{z- l){21z + 5), 

(269) (3l^,{z; 1) = + p[%,^,^,z + 

/5iA2,2,i^' = 1 + 16^ + 9^', 

(270) /5it,k^; 1) = + /5!a2,i,i + 



L.A.Gutnik, On the number C(3)- 



2'^1,0,1,2,1 ^ ^Ml,0,2,2,l ^ 1/^1,0,1,2,1 ' Ml,0,2,2,lJ 



2; 



11 51 
-16 + 16 + - X 21 + - X 9 + (21 + 9)^ = — + 30z, 
2 4 4 

(271) Pl%{z; 1) = + 2/3i°) ,,,,, + 

1/5(0) +2x1/3^°^ +f/3^°^ +23^°^ )z - 

^/^l,0,l,2,l ^ ^ gMl,0,2,2,l ' 1^1,0,1,2,1 ' ^Ml,0,2,2,l^^ " 

11 47 
-16 + 2 X 16 + - X 21 + - X 9 + (21 + 18);^ = — + 39;^. 
4 4 2 

(272) 2) = <cJ,i,o,2 + <i,i,2^ + 

/^1,0,1,2,2^ /^1,0,1,3,2^ — 

- 216^ - 54/ + = (-2 - 1)(830/ + 668^ + 20)/3. 



(273) /3l,0,2(^j 2) — /3iJ_2,0,2 + /^l,d,2,l,2^ + /^l,d,2,2,2^ + 

/5i°(],2,3,2'2^ = 1 + 81^ + 324/ + 100/. 

(274) <k^;2)=<i,i,2 + /3S,2,i,2 + 
1/3(0) +1/^(0) ,1/5(0) ,1/5(0) , 

2^^1,0,1,2,2 ^/^1,0,2,2,2 2/^1,0,1,3,2 g /^1,0,2,3,2T^ 
(/5l,d,l,2,2 + /3l,d,2,2,2)^ + (^2^1-0,1,3,2 + ^/3l,d,2,3,2^ ^+ 

f /5(o) , gW w2 - 

1/^1,0,1,3,2 P*!, 0,2,3, 2^^ ~ 

-216+81-54/2+324/4+(830+100)/9 + ((-54+324-54+415/3+100/4)^+ 

, 2 67 1300 1130 2 
(830/3 + 100)/ = — + -—z + ^-/. 

(275) /3*S(^; 2) = pf^l^,^, + 2/3S,2,i,2 + 

1/5(0) ,0x1/?^°^ + 

^/^l,0,l,2,2 ^ A gPi,o,2,2,2^ 

1/5(0) ,2x— + 

gPl,0,l,3,2 + ^ X 2yPl,0,2,3,2+ 

(/^l,d,l,2,2 + 2/3iJ^2,2,2)^ + ^^/^l,d,l,3,2 + 2 X -/3iJ,2,3,2^ ^+ 

f /5(o) , 9/5(0) W2 - 

1/^1,0,1,3,2 ^ ^P'l,0,2,3,2j^ ~ 

-216+162+(-54+324)/4+(830+200)/27+((-57+648+(830/3+100)/4);2+ 
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/on^/o 2 2789 4129 1430 2 

(830/3 + 200)^2 = + —^z + -^-2 ■ 
In view of (247) - (249), (254) and (264) - (275), 

(276) (z; 0) = Sp;^,{z; 0) - (^; 0) = 

2z-l-z = z-l, 

(277) /5*«(^;0) = 5<k^;0) = ^, 

(278) (3l%{z; 0) = 0) + ^o!? (^; 0) = 2 

(279) 0) = <5/?it4(^; 0) + /?itk^; o) = 3, 

(280) 1) = <^/3iti(^; 1) - /5it2(^; i) = -le^ + 

42z^ - (1 + 16;^ + 9;^^) = -1 - 32;^ + 33;^^ = (;2 - 1)(33;2 + 1), 

(281) Pl%{z; 1) = 6Pl^';,{z; 1) = 16^ + 18z', 

(282) /3,tk^; 1) = 1) + /^w i) = 

30^ + 21^ + 5 = 51^ + 5, 

(283) (^; 1) = SPl'S.iz; 1) + 1) = 

51 51 
39^ + — + 30^ = 69^ + — , 
4 4 

(284) <l(^; 2) = SPlZi^; 2) - /3,t,k^; 2) = 

-216z - 108^2 + 830^^ - (1 + 81-2 + 324^^ ^ ^gOr'^) = 
-1 - 297^ - 432;^^ ^ 73Q^3 = _ 1)(730;22 ^ 298^ + 1), 

(285) 2) = 6pl'^l{z; 2) = 8U + 648^^ + 300;^^ 

(286) 2) = <^/?itk^; 2) + /?ro!? (^; 2) = 

1300 2260 . 830 , 668 20 

— ^ + — ^ +^^ + T = 

2 20 
1030^^ + 656^+—, 
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(287) (5l%{z; 2) = 5(5lf^,{z; 2) + /3*£(^; 2) = 

4129 2860 2 67 1300 1130 o 

z H H \ z H z^ = 

6 3 3 3 3 

67 6729 2 

h ^ + 1330^^ 

3 6 

In view of (247) - (249), (254) and (276) - (287), 

(288) /3*g(^; 0) = 5/3*Si(^; 0) - (5l%{z; 0) = z - z = 0, 

(289) /3itk^;o) = 5/3,tk^;o) = ^, 

(290) (5lf^,{z- 0) = 5(5l%{z- 0) + /3*"o?(^; 0) = 1, 

(291) 0) = 0) + 0) = 2 

(292) /3*gi(^; 1) = 1) - i) = 

-32^ + 66^2 - (16;2 + IS;^^) = -48;^ + 48;^=^ = ASz{z - 1). 

(293) (3l%{z- 1) = 5(3l%{z- 1) = 16z + 36^^ 

(294) 1) = ^/^itk^; 1) + /3i*,o? i) = 

51;^ + 33;2 + 1 = 84^ + 1, 

(295) pl%{z- 1) = 5<i(^; 1) + <o,3(^; 1) = 

69;2 + 51;^ + 5 = 120;^ + 5, 

(296) Plf,{z- 2) = 5/3*gi(^; 2) - /Sitk^; 2) = 

-297z - 864^2 + 2190/ - (81^ + 648^ + 300z^) = 
^(-378 - 1512^ + 1890;^^) = 378(;2 - 1)^(5^ + 1), 

(297) PlflU^] 2) = 5l3f^\{z] 2) = 81z + 1296^^ + 900^^ 

(298) Atk^; 2) = 5Atk^; 2) + Co? 2) 

2060/ + 656^ + 730/ + 298^ + 1 = 2790/ + 954^ + 1, 

(299) Pl%{z- 2) = 5Pl%{z- 2) + <k^; 2) = 

+ 2660/ + 1030/ + 656^ + ^ = 3690/ + ^z + ^, 
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§7. End of the proof of theorem A. 

Let y[^Qik{z; v) denotes th element of the column Y^'^^ ^[z] v) in (109). 
Then, in view of (95), (103), (109), 

(300) y'Cli^i,,M = 5' fltkM 

for K = 0, 1, i = 1, 2, 3, A; = 1, 2, 3, \z\ > 1, z/ e Nq. We denote vl';*^^^{v) 
the expression, which stands in the matrix Viq*{v) in intersection of i-th row 
and j-th column, where i = 1, 2, 3, 4, j = 1, 2, 3, 4. Let 

(301) Do,fi{z, w) = z{'w^ + w(l - a)- jiaf - w"^, 
In view of (100) 

1 ^ 

(302) -D^,o{z, ly, w) ^ {1 - l/z)w^ + J] r«,o,fe+l(i^)«^^ 

k=0 

It follows from general properties of Mejer's functions that 

(303) Da,o{z, p, S)fa,o,kiz, u) = 0, 

where \z\ > 1, — 37r/2 < arg(2;) < 7r/2, log(2;) = ln(|^|) + i arg(^). A; = 1, 2, 3. 
Therefore, in view of (95), (103), (109), 

(304) yiti,o,k('^ ^) = -(1 - i/z)5'UM^, ^) 

where 

K = 0, 1, , 1^1 > 1, -37r/2 < arg(z) < n/2, 
log(z) =ln(|z|) + iarg(z), A; = l, 2, 3. 
In view of (53) - (57), (231), 

(305) ]im Jz-l)6'f,,o,2{z,i,) = 

z— »l+0 

to^(.-l)(0(l)l.(l-i)+^) = l, 

(306) Urn (2-l)i'/i,o,i(2,i') = 0, 

if A; - 2 = ±1, 
(307) 

lim (log(^))57i,o,fc(^, = lim (^ - l)57i,o,fc(2;, u) = 0, 

z— ►1+0 z— >l+0 

if i = 0, 1, 2, 3, A; = 1, 2, 3. Hence, if we tend z e (1, +oo) to 1, then, in view 
of (95), (103), we obtain the equalities 

(308) 

AWi,i(l'^) = 2/i,o,2K+i,3(l,i^) = 0,yi,o,2K+i,2(l,i^) = -L 



L.A.Gutnik, On the number C(3)- 



In view of (111), (119) - (171), (300), (304), 

(309) - atfo:,2«+i(l; - l/z)5"h,o,k{z, v) + 

2 

(z - 1) J] t^ro,+i,,+i-«(^)<^^'-viAfc(^, ^) = 

(-2)>i(i.)2-V5^-V,,,o,.(z,i.-l), 

where i = 3 — 2k, 2, /c = 1, 2, 3, |z| > 1, — 37r/2 < arg(z) < 7r/2 and v run 
over the set Ml = ((-cx), -2] U [1, +oo)) n Z. We tend z e (1, +oo) to 1 now 
and obtain the equahties 

(310) a-:,,i(l;^)(A;-l)(A;-3) + 

(-2)>i(z.)2-V5-ViAfc(l,^-l), 

where i = 2 - k, 3 - = 1, 2, 3 and i/ e M^* = ((-oo, -2] U [1, +oo)) fl Z. 
Replacing in (310) u e M^* by 

1/ := -1/ - 2 e M** = ((-oo, -3] U [0, +oo)) n Z, 

and taking in account the equahty (110) we obtain the equahties 

(311) al%*,^,{l;-iy-2){k-l){k-3) + 

E <o:..+i-.(l; - 2)(5^-ViAfe)(l, ^) j = 

(-2)>i(z/)2-V5^-ViAfc(l,^/+l), 

where z = 2 - 3 - /c = 1, 2, 3 and z/ e M** = ((-oo, -3] U [0, +oo)) nZ. 
Let 



(312) 4?H=I " (l + (-l)^+^)/2 



'^lAi+l-'«J+l-K(-^' ^ 2) 

(l + (-l)^+^)/2 

^lAi+l-«J+l-«(-'-' ^) 



(313) wt\iy) ^ (wi^^iu) w,,2iiy)), 



(5'-''/lAfc)(l,^) 

(52-ViA^)(i,z.);' 
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(314) 

/-(-2)«/xi(z/)2-(z/ + 2)55--/i,o,fc(l, V + 1)^ 
YT*^^)= (<5-ViA/^)(l,z/) 

V (-2)>i(z/)2-V55--/a,0,fc(l, y-^) 

where k, = 0, 1, A; = 1, 3, i = 1, 2, i/ G M**** = ((-oo, -3] U [1, +oo)) n Z. 
Let further 



(315) wf^{v) = w'^^iu) 



is vector product of wl'^^{i') and w^^^^i^), and let w^^J{v) = {'w^^-{i')y is row 

conyugte to the column w{K)3^i{i'). Then for scalar products {w^'^^ {p) , wl^'j {i')) 
we have the equalities 



where k = 0, 1, i = 1, 2, j = 1, 2 and 

u e M**** = ((-oo, -3] U [1, +oo)) n Z. 

Therefore 

(316) 4^{u)wt\y) = {0 0), 

where k = 0, 1, i = 1, 2 and z/ G M**** = ((-oo, -3] U [1, +oo)) n Z. 
In view of (310) (311) and (316), 

(317) w{K),,s{i^)Y*r*{iy) = w{K),,s{i^)W{KUu)Yr*{u) = 0, 

where K = 0, 1, i = 1, 2, A; = 1, 3 and i/ e M**** = ((-oo, -3]U[1, +oo))nZ. 
In view of (315) - (313), (118), and (119) - (171) 

(318) ^o^Q)^,s,^iu) = al%,^,il;u) = -3r^(r - l)(2r - l)^ 

(319) ^(l)i,3,i(i^) = <o,i,2(l;i^) = 

8r^(2r-l)(r^-(r-l)=^), 

(320) ^S,i,W = -<o,3,2(l;^^) = 
2r5(r-l)2(2r-l)(r=^-(r-l)=^), 

(321) ^(i)2,3,i(^) = -<o,2,i(i; ^) = <o,2,3(l; ^) = 
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Since Tq,(— — 1 — a) — —Taiiy), it follows from (318) - (321) that 

(322) wf>l,{u) = -atj*2,3(l; -^-2)= 3t\t + l)(2r + l)^ 

(323) ^^S3H = -<o,i,2(l;-^^-2) = 

-8T^(2T + l)((T+l)3-r^), 

(324) ^g» = <o:3,2(l;-^-2) = 
-2r^(r+l)'(2r+l)((r + l)^-r3), 

(325) 

«;^1)2,3,3(^) = ati:2,i(l; - 2) = -a52,3(l; -^^ - 2) = 
3r^(r + l)(2r+l)3 = «;(0)i,3,3(z^). 

Further we have 

(326) w?l,(u) = 

- det r^Io^ll; -z. - 2) a^Sill; " 2)^ ^ 

V <,2,2(i;^) <o,2,3(i;^) J 
<o,2,2(i; '^)aro,2,3(i; -i^ - 2) - a"o,2,3(i; i^Xo,2,2(i; - 2) 

t5(t - 1)(t3 + 2(2t - 1)')(-3t^(t + 1)(2t + 1)^)- 
(-3r\r - 1)(2t - lf)(-r'(r + l)(r' + 2(2t + 1)^)) = 
-3t^(t' - 1)(t'((2t - 1)' + (2t + 1)=^) + 4(4t' - 1)^) = 
-12t'^(t' - 1)(68t^ - 45r^ + 12r' - 1), 

(327) wl'l.iu) = 
_d^t^<o,3,2(l;-'^-2) a^:o,3,3(l;-^-2)\ ^ 

V «ro,3,2(i;'^) aro,3,3(i;^) / 

<0,3,2(1; Z^Xo,3,3(l; - 2) - at;o,3,3(l; ^)«r0,3,2(l; -1/ - 2) 

-2t'(t - 1)'(2t - 1)(t' - (t - l)')x 
{-r\r + 1)2((t + 1)^ + 2(2t + 1)^)- 

(-2t^(t + 1)2(2t + 1)((t + 1)^ - T^))x 
(r^(r-l)2((r-l)3 + 2(2r-l)3) = 

4T^(r2 - 1)2(102t6 - 68r^ + 21r' - 3). 

(328) w^^Uu) = 
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- det Ko?i,i(l' -V - 2) ag,\:,(l; -v - 2)\ ^ 

V «iAi,i(i;^) <o,i,2(i;^) ) 
<o,i,i(i; ^Xo,i,2(i; -i/ - 2) - at}j^i_2(i; ^Xo,i,i(i; 

-2t^(17t^ - 27t^ + 15t - 3)8t=^(6t^ + 9t^ + 5t + 1)- 
2T^(17r^ + 27r2 + 15r + 3)8r-'^(6r^ - 9r^ - Sr^ + 1) = 
-32T^(102r^ - 68r^ + 21t2 - 3), 

(329) «;^1)2,3,2(^^) = 

_Hpt Ko*2,i(l; -V - 2) atfo:2,2(l; - 2)\ _ 

V <o,2,i(i;^) <o,2,2(i;^) ) 



det 



<o,2,2(i;-^-2) a*;o:2,i(i;-^-2) 
<o*2,2(i;i^) <o,2,i(i;i^) 



V aro,2,2(i;i^) -<o,2,3(i;i^) y '''''^ ^ 

In view of (317), (314), (318), (326), (322), 

(330) (r + l)^(2r - l)=^5/i,o,fc(l, z/ + 1) - 

4t(68t6 - 45t^ + 12t2 - l)(5/i,o,fe(l, i^)- 

(T-l)^(2r + l)=^5/„,o,it(l,i/-l) = 0, 

where A; = 1, 3 and i/ e M^**** = ((-oo, -3] U [1, +oo)) nZ. According to the 
equahties (317), (314), (320), (327), (324), 

(331) (r + l)-^(2r - \){t' - (r - \f)b^h,^,^{\ ^ + 1) - 

2(102t^ - 68t^ + 21t' - 3)5Vi,o,fe(l, ^)+ 
(r - l)^(2r + l)((r + 1)^ - r^)5VaAfc(l, - 1) = 0. 
In view of (317), (314), (319), (328), (323), 

8r3(2r - 1){t^ - (r - \f){2T\T + l)^)/i,o,.(l, v + 1)- 

32t^(102t6 - 68t^ + 21t2 - 3)/i,o,fc(l, v)^ 
(_8r^^(2r + l)((r + 1)^ - t'')){-2t\t - 1)^1,0,^(1, ^ - 1) = 0, 

(332) (r + l)5(2r - l)(r^ - (r - l)3)/i,o,fc(l, ^ + 1) - 

2r2(102r*^ - 68r^ + 21r2 - 3)/i,o,fc(l, z/) + 
(r - 1)^(2t + 1)((t + 1)3 - T3))/i,o,fe(l, ^ - 1) = 0, 
where A; = 1, 3 and i/ e M^**** = ((-oo, -3] U [1, +oo)) n Z. 
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Since 52/i,o,fc(l, z/ + e) = |(r + e)2/i,o,fc(l, + e)) if k = 1, 3, = e we 
can replace 5Vi,o,fc(l, u + e) hy (1/2)(t + £)ViAit(l> ^ + £)) in (330). Then 
we come to the equahty 

i(r + l)^(2r - l)(r^ - (r - l)^)/i,o,.(l, + 1)- 

t2(102t6 - 68t" + 21t2 - 3)5^1,0,^(1, 
i(r - l)5(2r + l)((r + 1)^ - r3)5Va,o,.(l, ^ - 1) = 0, 

this equahty is equivalent to the equality (332). The equalities (321), (329) 
and (325) show that we get in case k = 1 the same result for the relation 

between 5Vr,o,fc(l, + 1), ^^flo,ki^,^) and 5Vi,o,fc(l, - 1) with A; = 1, 3, 
(relation (331)), as it have been obtained in the case k — O. 

So, in the case k = we obtain the same results as in the case k — 1. 
Since ^ 

/i,o,fe(l,i^) = (^;:p3^/r,o,ik(i'^)' 

it follows from (330) - ((331) that 

(333) (r + l)M2r- W*o,fe(l,^ + l)- 
4(68r6 - 45r^ + 12r2 - l)5/i*o,,(l, + 
(T-l)V(2T + l)35/;o,fc(l,^^-l) = 0, 

(334) (r + l)r^(2r - l){r' - (r - l f)6'Jl,^,{l, u + 1) - 

2(102t« - 68t^ + 2lT^ - 3)5ViV(l> ^)+ 

(r - l)r2(2r + l)((r + 1)^ - t')6' f:^o,kih ^ - 1) = 0, 

where k = 1,3 Before to complete the proof of Theorem A, we want to check 
equalities (333) and (334) for i/ = 1, A; = 3. If = 1, then the left part of the 
equality (333) take the form 

4865/*o,,(l, 2) - 147165/*o,,(l, 1) + 2505/*o,,(l, 0)), 
where A; = 1, 3; in view of (277) - (299), 

/3,tkl; 2) = 1029, /?,tkl; 1) = 34, 0) = 1, 

Pl^ii; 2) = 1^, /3*a(i; 1) = ^, /^itki; 0) = 3, 

486/3*W (1; 2) - 14716/3*^(1; 1) + 250/3*^,1(1; 0) = 
2(243 X 1029 - 7358 x 34 + 125) = 0, 

486/3*« (1; 2) - 14716/3*2,^1; 1) + 250/3*^(1; 0) = 
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81 X 14843 - 3679 x 327 + 3 x 250 = 0; 

therefore, in view of (232), the equahty (333) holds for v — l.ll v — 1, then 
the left part of the equahty (334) take the form 

252<5Vr,o,.(l, 2) - 110425Vr,o,.(l, ^) + 380<5V;o,.(l, 0), 
in view of (289) - (299), 

2) = 2277, 1) = 52, /3*g(l; 0) = 1, 

2) = 1) = 125, o) = 2, 

252/3*gkl; 2) - 11042/5*gUl; 1) + 380/3*gkl; 0) = 
252 X 2277 - 11042 x 52 + 380 x 1 = 

4(63 X 2277 - 11042 x 13 + 95) = 0, 

252/?*gkl; 2) - 11042/3*gi(l; 1) + 380/3*gi(l; 0) = 
42 X 32845 - 11042 x 125 + 380 x 2 = 

10(21 X 6569 - 5521 x 25 + 76) = 0; 

therefore, in view of (232), the equality (334) holds lox v — 1. Let us consider 
the equations 

(335) {T+lfT{2T-lfXnu+l- 

4(68r^ - 45r^ + Ur"^ - l)x^+ 
(t-1)V(2t + 1)3x,_i-0, 

(336) (r + l)(2r - ly^r"" - (r - lf)xnu+i - 

2(102t^ - 68t^ + 21r^ - 3)x„'u+ 

(r - l)(2r + 1)t\{t + 1)^ - t3)x„„_i = 0, 

where i/eNo,'r = z/ + l. It follows from (333) that x^, = Sf^Q ki^,^) satisfies 
to the equation (335) for z/ G N and fixed k G {1, 3}. It follows from (334) 
that Xu = 5^/i*o,fc(l> ^) satisfies (335) for z/ G N and fixed k G {1, 3}. Both 
equations (335) and (336) are difference equations of Poincare type with 
characteristic polynomial A^— 34A+1. Hence, if {x^}'^^ is a non-zero solution 
of some of these equations, e G (0, 1), then there are Ci{e) > and C2{e) > 
such that only two possibilities exist: 

(337) ^^n-T < M < 

for all G N or 

(338) Ci(£) (^1 + A/2j < \x,\ < C2{e) il + V2j 
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for all 1/ e N. In view of (250), if = 5^*0 ^(l, u) with r = 1,2, then (337) 
is impossible. In view of (54) with a e N, (189) and (232) with j — 1, 

<^7r,o,3(l,^) = (^ + l)'0(l); 

hence, if Xi, = 5''/j*Q 3(1, z/) with r = 1,2, then (338) is impossible. In view 

of (255) with j = 1 and (250), = f3l^^\{l,i') and a;^ = I31''q\{1 , u) are 
solutions for i/ G N of equations respectively (335) and (336), moreover (338) 
take place for these solutions. Hence, 



(339) 



C,{e)/C 2{e) 
{I + V2) 



< 



2C(3) - 



< 



C2{e)/C,{e) 

8v(l-£) 



for r = 1, 2. The equations (335) and (336) are equivalent to the equations 
respectively 



(340) 
and 
(341) 
with 

(342) 



(2) 



(1) ^,(i)^ 4(68r6-45r^ + 12r^-l) 
"■^^ " (T+l)V(2r-l)3 ' 



(343) 



,(1) 



[t- l)V(2r+ 1)= 
(r + l)2r(2r- 1)= 



(344) 



^(2) 



2(102/ 



= 6(2) = 
68-^ + 21-- 



(t + 1)(2t-1)t2(t3-(t-1)3)' 



(345) 



.(2) 



a^+1 = a; ' = 



(T-l)(2r + l)r2((r + l)^-r^) 
(r + l)(2r-l)r2(r3-(r-l)3) 

and i/ e N. To consider the case u — also, we let 

-81 



(346) 



a? 



*(i) 



(1) 



34 
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4(68r6 - 45r^ + 12r2 - 1) 



(t + 1)2t(2t-1)^ 



r=l 



(347) 



a? = 21, C = /9iT4(l' 0) = 2, = 52 = 
2(102t6 - 68t^ + 21t2 - 3) 



r(2) 



,*(2) 



r(2) 



T=l 



(t + 1)(2t-1)t2(t3-(t-1)3) 

The equation (340) is the eqution (1) with al}^ and ftl^"* in the role of respec- 
tively tty and bi,. The equation (341) is the eqution (1) with a^^ and b^^ in 
the role of respectively a,^ and b,y. Let x,^ = Q^^^^ and = where e Nq, 
are solutions of the equations respectively (340) and (341) with initial values 



respectively xq = 1, Xi = b^^"^ = 34 and = 1, Xi = b\^' = 52. Then we see 

that Xu = /3i'o^2(l) ^) ^-^d = Q^i^^ with fixed r G {1, 2} are solutions of the 
same equation with the same initial values. Therefore 



(2) 



(348) 



(r) 



P^^ and x^ 



(2) 

Pv , where z/ G Nq, are 



for r = 1, 2 and v G Nq. Let Xi^ — ± u anKx jl^ — ± v , 
solutions of the equations respectively (340) and (341) with initial values 
respectively 



Xq 



b^^\x,^bM^+a? 



327 



and 



af ) = 125 = (31 



Xo 

bmce Xi, = (31^q\{1,u) and x^ = P^^ with fixed r G {1, 2} are solutions of 
the same equation with the same initial values, it follows that 



(349) 



for r = 1, 2 and u G Nq. In view of (339) with r = 1, 



(350) 



Ci(0/C ,(s) 



8u{l+e) — 



2C(3) - 



(r) 



(r) 



< 



C2{c)/C \{c) 



8i/(l-£) ' 



We put in the equation (1) = Xyjdy with some dn ^ Q for v G No, and we 
put do = d-i = 1. Then we obtain equation 



(351) 

with ^0 = Xq 

(352) 



bo, 



d„-i 



b,. 



d„ 



+1" 



+1 



d„ 
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where v e Nq. Clearly, continuous fraction connected with the equation (351) 
has the same convergents as continuous fraction corresponding to the equa- 
tion (1). We apply this transformatin for the equations (340) and (341) 
instead of equation (1) with respectively 



k=l 

V 



k=l 

Then we have 



d 



(1) 

- + i)(^ + 2f{2u + If = t{t + lf{2T - If, 



(1) 



d 



(2) 



if 1/ e No, 



+ 2){2u + l){u + Ifiiu + If - u') 

{r+l){2T-l)T\T^-{T-lf), 



- t{t + 1)2(2t - If X (r - iy{2T - 2>f, 



'^'^+^ (r + l)(2r-l)r2(r3-(r-l)3)x 



7(2) 

v+] 

r(2r-3)(r-l)^((r-l)=^-(r-2)=^). 



if i/ e N, 



^ = 4 ^ = 2 
d^ll 'd^l\ ' 



and we obtain two expansions of the number 2(^(3) in continuous fraction: 
one expansion with ai = —81, 60 = 3, 



(T-l)2r(2r + l)= 
(r + l)2r(2r-l)= 



— — /_ I -I \9_/o_ 1 ^3 ^ 



t(t + 1)2(2t - 1)3 X (r - 1)t2(2t - 3)^ = 
-(t(t + 1)(4t2-4t-3))=^ 

for i/ e N, 

6^+1 = 6^ = 4(68r^ - 45t^ + 12t2 - 1) 
for i/ e No, and another expansion with 

ai = 42, ho = 2, a^+i = ar = 
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(r-l)(2r+l)r^((r+l)3-r3) 
(T + l)(2T-l)r2(r3-(r-l)3) 

(t + 1)(2t-1)t'(t'-(t-1)')x 

r(2r-3)(r-ir((r-lf-(r-2r) = 

-(r- 1)V(4t^ -4t-3)x 

((r+ir-r3)((r-lf-(r-2f) 

for z/ e N, 

6^+1 = 6^ = 2(102t^ - 68t^ + 21t^ - 3) 

for i/ e No, ■ 
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